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198 SOLUTIONS OF PBOBLEMS 

Hence tan <f> = — tan \f/, and <t> + $ = w, that is, the opposite angles of the 
maximum quadrilateral are supplementary and hence the quadrilateral is cyclic. 

Again, it is shown by elementary geometry, that when three sides of a maxi- 
mum quadrilateral are given, the fourth side is the diameter of the circum- 
scribing circle of the figure. Hence, to find this diameter AD, let AD = x, 
AB = a, BC = b, CD = c; and let. the angles subtended by a, b, c, at the center 
be 2a, 2/3, 27. 

Then 

* +0 + 7=! (1) 

and 

sin (a + |8 + 7) = 1, 
that is, 

sin 2 a + sin 2 j8 + sin 2 7 + 2 sin a sin /3 sin 7 = 1. (2) 

But sin a = a/x; sin /3 = &/#; sin 7 = c/a;. Substituting these values in (2), 
we have 

3? - x{a 2 + b 2 + c 2 ) - 2abc = 0. (3) 

This cubic has two negative roots and one positive root, as may be seen by putting 
x = 0, — a, — 00 . The positive root is the value of x required. We can then 
describe a semicircle having this root as a diameter and place in it the chords 
a, b, c, in any order; for the equation (3) involves a,,h, c, symmetrically. 

Note. — The cubic (3) can also be derived as follows: 

Draw the diagonals AC and BD. Then 

AC = Vz 2 - c 2 , BD = Vx 2 - a 2 . 

Hence, by Ptolemy's Theorem we have 

yx 2 — c 2 • ^x 2 — a 2 = ac + bx, 
whence 

x 3 - (a 2 + b 2 + c 2 )x - 2abc = 0, 
as before. 

Also solved by Elijah Swift, Elmee Schuyler, and A. M. Harding. 

MECHANICS. 
273. Proposed by F. P. MATZ, Reading, Pa. 

A person is placed on a perfectly smooth surface. How may he get off. 

Solution by S. W. Reaves, University of Oklahoma. 

He should throw some object, for example his hat, in the opposite direction 
to that in which he wishes to go. The reaction, or "recoil," will cause him to 
slide to the edge of the smooth surface. 

284. Proposed by C. N. schmaix, New York, N. Y. 

A cylindrical vessel standing upright on a horizontal plane is kept constantly full of water 
by an automatic device. Determine at what height in its side a small orifice should be made, 
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so that the water may spout through it to the greatest horizontal distance on the plane. What 
difference in the result when the cylinder stands on a shelf of known height above the plane? 

Solution by J. B. Smith, Hampden-Sidney, Va. 

Let a be the height of the cylinder and 6 the height of the orifice above the 
plane. Let « be the velocity of the jet at the orifice. Then 



vo = V2<jf(a — 6), x a = v<jt, and y = b — %gfi. 
Hence, 

y = b — 



4(o - b) 

is the equation of the trajectory, the origin being at the base of the cylinder and 
the y-axis being the vertical through the orifice. 

For y = 0, we have x 2 = 46 (a — b). As x 2 is a maximum when x is, we have 

^jp = 4(o - b) - 46 = 0, 

.-. 6 = a/2. 

Hence the range will be a maximum when the height of the orifice is half that 
of the cylinder. 

If the cylinder stands on a shelf of height h above the plane, we wish to find 
the maximum range on the line y = — h. In this case we have 

x 2 = 4(6+ A)(o-6). 

It follows that the range is a maximum when 6 = (a — h)/2. If h = a, the 
orifice must be at the bottom of the cylinder; if h > a, 6 would be negative, but 
as this is impossible, the greatest range for the given cylinder is obtained by 
making the orifice at the bottom. 

Also solved by Horace Olson and B. Libby. 

NUMBER THEORY. 

200. Proposed by B. d. carmichakl, Indiana University. 

Find the general solution, in relatively prime integers, of the equation a 2 + 2/ 2 = z 4 . 

Solution by Artemas Martin, Washington, D. C. 
Let x = p 2 — q 2 , y = 2pq; then 

a;2 + f = (p» - q 2 f + (2pq) 2 = (f + q 2 ) 2 = z\ 
Let p = r 2 — s 2 , q = 2rs; then 

f + g2 = ( r 2 _ g 2)2 _|_ ( 2rS )2 = (f + S 2 ) 2 ; 

therefore 

x 2 + y 2 = (p 2 + q 2 ) 2 = (r 2 + « 2 ) 4 = z\ 
Retracing, 

x = (r 2 — s 2 ) 2 — (2rs) 2 , y = 4rs(r 2 — s 2 ), z = r 2 + s 2 ; 



